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The ‘piston problem’ with thermal radiation
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The classical problem of the motion of a one-dimensional unsteady shock
generated by a piston moving with velocity v, = ct® is extended to take into
account thermal radiation effects by the similarity method of Taylor and Sedov.
Gray gas and local thermodynamic equilibrium are assumed and a modification
of the Schuster—Schwarzschild differential equation for the heat flux is adopted.
The optical thickness is not restricted to be thin or thick, and the absorption
coefficient is assumed to vary with the density and temperature. Numerical
results indicate that the pressure and velocity are not affected much by the
radiation, but the density, temperature and radiant heat flux are changed
considerably.

1. Introduction

As a result of increasing flight speeds in space exploration, thermal radiation
becomes increasingly more important in aerodynamic problems. In the present
work, we shall extend the one-dimensional ‘piston problem’ considered by
Taylor (1946) and Sedov (1959) to take into account radiation.

Previous investigations by Marshak (1958) and Elliott (1960) on one-dimen-
sional unsteady radiating shock motion are all limited to the optically thick case.
Part of Elliott’s work is, in fact, very similar to an earlier one of Korobeinikov
(1957). Morerecently, Trilling (1963), using the method of separation of variables,
obtained similar solutions of a Cauchy-type one-dimensional unsteady problem
with radiation effects; but the absorption coefficient was assumed to be some
average constant.

In the present work, both the limitation of thick opacity and constant absorp-
tion coefficient are removed. Of course, certain common simplifications are still
necessary in order to make the problem less complicated. These include: local
thermodynamic equilibrium, gray gas, transparent shock, black and cool piston,
perfect gas, and negligible radiation pressure and energy.

Two different approaches have been widely used in radiation gas dynamics.
One is the integro-differential approach; the other the differential approach.
For ease in obtaining similar solutions, the differential approach was chosen for
this work. In many one-dimensional radiative transfer problems, including the
one considered here, the boundary conditions are specified in terms of ¢,, and
g,., the average heat flux along two opposite directions in a one-dimensional
problem. It is therefore more convenient to deal with two first-order differential
equations for ¢, and ¢,_. In classical astrophysics literature, this is known as the
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Schuster—Schwarzschild method (cf. Sobolev 1963). Actually, the differential
equations used here are a modified version of Schuster—Schwarzschild’s original
ones recently suggested by Traugott & Wang (1964). The differential method
yields results in excellent agreement with the exact integro-differential method,
at least for some problems (cf. Adrianov & Polyak 1963).

Two similarity conditions due to radiation are first determined; the system of
partial differential equations is then reduced to one of ordinary differential
equations. The latter is numerically integrated for various cases, but all the
results reveal similar trends of the radiation effects. It is found that radiation has
practically no effect on pressure and velocity, increases the density (hence lowers
the temperature) considerably, and decreases the shock distances until a mini-
mum value is reached.

The background of the piston problem has been well explored (Sedov 1959;
Kochina & Mel'nikova 1958). Results of the present work may find direct
application to problems such as stagnation-point flow, explosion, shock-tube
flow, and hypersonic flow over slender power-law bodies (restricted to the thin or
thick limit in order that the gas slabs normal to the body axis are independent of
each other). Meanwhile, the present results also suggest considerable simplifica-
tions to other problems, for example, the flow over a blunt body. One may
consider the pressure and velocity as given from the non-radiating solutions,
solve only for the modifications on temperature (hence density) field, and deter-
mine the radiative heat transfer simultaneously.

In a report by Wang (1963), one may find a more detailed treatment of the
present problem, including (1) the effect of changing the specific-heat ratio,
(2) the thin solution for the cylindrical and spherical pistons, (3) results for
negative £ (see equation (8)) which apply to a higher temperature range than that
presented in this paper.

2. Formulation _ _
2.1, Equations of motion

The equations of motion are

op[ot+ o pv)ox = 0, (1)
Dv/Dt = —p~iop/ox, (2)
D(plp\, D(1\ _lé,
o)) - ?
where D|Dt = glot+vo|ox; (4)

p is pressure, p density; v velocity, ¥ specific heat ratio, z the one-dimensional
co-ordinate, ¢ time and g, the net radiative flux; g, is determined by Traugott &

Wang (1964) % = G — s (5a)
@4rs[dT = £ /3¢, F 27B, (55)
where ¢,, and g,_ are the average radiant heat fluxes along two opposite directions

in a one-dimensional space, 7 is the optical thickness, and B is Planck’s function
of black-body radiation; 7 and B are respectively defined by

T= dea:, B = oT%m, (6,7)
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where o is Stefan’s constant, 7’ temperature, and K the absorption coefficient per
unit volume. In general, K is a complicated function of density, temperature,
composition, etc. For convenience, it is taken here to vary according to a power

faw K = K, p*T", (8)
where K, a, £ are constants to be determined by best fit with available opacity

data.
Substituting (6) through (8) into (5a, b) and using the perfect-gas relation, one

obtains
oq, K, (P £ _ 20K, <[P\
= iﬁp (;) J3q,i+Wp (Z’) (general). (9a, b)
In the thin and thick limits, (9a, b) become
og, 4K o _(p\FH .
= T RAE p (F_’) (thin); (10a)
16 o p\¥ 4 8 (p .
— " R4, L R I
=3 K1R p (p) P (p) (thick). (10b)

Itis noteworthy that no dimensional constant appears in equations (1) through
(3), but there are two in (94, b), and a different one in (103).

. Shock
P1ston%] = Shoc p, = Alx*
! Ol Li=t=2=0
t, ——
x >, = ct" | 2,
qf+"'—i_—"'
|
N |
%, x x,
Y 2 2,
TP T Ts

Ficure 1. Shock generated by a moving piston.

2.2. Boundary conditions
We shall use the subscripts p, s, 1 and 2 as referring to the piston, shock, and the
regions immediately ahead and behind the shock, respectively (figure 1). The
piston moves with velocity v, = ct”; c and n are constants. For the piston location,
x, = ct"*1/(n+ 1), to increase as f increases (¢ > 0), » must be greater than —1.
Ahead of the shock, the gas is at rest and its density varies according to

pa= Alz®, (11)

where A and w are constants. For radiation to be important, the strong shock
approximation must be valid, i.e. p; = 7} = 0. The boundary conditions to be
satisfied immediately behind the shock are

Do ={2/(y + 1)}ps%,  po={(y+D)/(y—1)}py, (12a, )

vy = {2/(v + 1)}1’5, ()2 = 0. (12¢, d)
29 Fluid Mech. 20
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Condition (12d) states that the gas receives no radiation from in front of the
shock. Conditions (124, b, ¢) are the usual strong-shock jump conditions. It is
true that the conservation of energy across the shock should contain the radiation
flux term; however, since the shock is assumed to be transparent, the radiation
flux is the same on both sides, hence dropping out from the conservation of
energy relation. In the thick limit, this disagrees with Elliott’s work where
4, = 0, but ¢, + 0, i.e. g, + ¢,,. The boundary conditions at the piston are

v=uv, =ct" (g,_), = 0. (13a, b)

Again condition (13b) states that the gas receives no radiation from the piston.
For a similar flow, the shock location, «,, must be proportional to the piston
location, z,, i.e. x, = dz, where the constant ¢ is not known until the problem is
solved. Clearly v, = dv,.
We have now completed the formulation of a two-sided boundary-value
problem. For similarity study, it is important to notice that the above boundary
conditions introduce two fundamental dimensional parameters, namely c and 4.

3. Similarity considerations
3.1. Similarity conditions

Sedov (1959) shows that for the present type of problem, if there are only two
parameters with independent dimensions, the motion is self-similar. In addition
to ¢ and 4 introduced through the boundary conditions, the radiative flux equa-
tions (9a, b) contain two new dimensional constants, K;/Rf and oK /R4, To
have a similarity solution, the dimensions of these two new constants, therefore,
must be expressible in terms of the dimensions of ¢ and A. This leads to two
conditions which we shall call similarity conditions. Simple dimensional analysis
shows that these two conditions are

1+n(28+86) and _n(l+2ﬂ)+l.

T T+ (1-9) T T ¥ e (4. 0)

Constants «, £, w, n cannot all be arbitrary. If « and £ are chosen according to
the best fit of a power law with known opacity data, then » and » will be deter-
mined by (14a, b). We observe from (144, b) that no similarity solution can be
found in the present work for either the constant piston velocity case (n = 0) or
the constant ambient density case (w = 0) if the optical thickness is arbitrary.
In the thin limit, the dimensional constant in (10a) is the same as one of those
in (9a, b); the similarity condition is simply the one given by (14a). In the thick
limit, the dimensional constant, cR#—4/K,, in (10b) is obtained by dividing
oK,|Rf+t by (K,|Rf)%; hence, the corresponding similarity condition is obtained
by first multiplying (14b) by 2« and then adding it to (1—«) times (14a); the

result is w={n2f—4)+1}/n+1)(1+a). (15)

For both limiting cases, similarity solutions may be found when either w = 0 or
n =0,
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3.3. Similarity transformation
We introduce
A=zlx, D(A)=ov(xt)tfz, p(A)=p,t)plx), (16a, b, ¢)
?(A) = p(z, £) tzlpa(x) 22, Qr:f:(A) = Qri(x’ £) ta/pa(x)za' (16d, e)

Substituting equations (16a)—-(16¢) into (1) through (3) and (9a, b), and re-
arranging, yields
5 = @-D[o—(n+ )] +[{(n+1) (@—2)+ 2}y —2]yP/p
Myplp—[v—(n+ 1)1}
[y —1)/p] [MZps =T, ) + (B~ 0) @1 — G, )]
¥ Ayplp -~ (n+ DI - U9

P’ = pllw—1)5—AT}A[5~ (n+1)], (178)
P = (p/A) {(0—2) (@/p) +5(1-0)—V'A[v—(n+1)]}, (17¢)
Trx = A {[(w—3) £ ¥3¢y(p)* (P[p)F| A% V]G, ,
T 2c9(p)* (B[p)FHAAGETOICFDY, (174, )
where the prime denotes differentiation with respect to A, and
¢y = (K, A%[RP) [¢[d(n + 1)]21n+D), (18a)
Cy = (0K, A% RFH4) [¢/d(n + 1) J@E+D(n+D), (18b)

Substituting (16a)-(16¢) into (10a) for the thin limit gives the expressions
identical to (17d, ¢) with ¢, = 0. Substituting (16a)—(16e) into (10b) for the

thick limit gives
_ 1602 /1(5—2/7)/(1!«-{-1) d 7} p
= Laz) ) .

The relative magnitude of the dimensionless constants ¢, and ¢, measures the
absorption property of the gas medium.

The corresponding transformed boundary conditions are:
At the shock (A = 1), from (12a)-(12d),

P=Pr=(y+1)ly—=1), =5,=2n+D)y+1), (204, )
P=Py=20+1?(y+1), G =(Gr)2=0. (20¢, d)

At the piston (A = A,), from (13a) and (130),
P=0,=n+1, ¢_=(¢-),=0. (21a, b)

The denominator of (17a)—(17e) vanishes at
A=7—(n+1) =yplp—[F—(n+1)]* = 0;

however, none of these cases occur within our range of interest if the integration
starts from the shock toward the piston. Condition 7 — (n+ 1) = 0 occurs right at
the piston, i.e. the end of integration. The equation yp/p = [v— (n + 1)]2 means
physically that the velocity of sound is equal to the particle velocity relative to
the shock velocity. It is well known that flow behind a normal shock must be
subsonic, i.e. [o—(n+ 1)]% < vD/p.

29-2
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4. Solution and result
4.1. Ezact and thin solutions

Analytic solution of (17a)—(17¢) is not believed to be feasible, so we must resort to
the numerical method. Since the value of g, at the shock is not known until the
problem is solved, we shall follow the standard procedure for integrating a two-
sided boundary-value problem by guessing a value for (g,_), and carry on the
integration step by step until ¥ = %,. The arbitrarily chosen value of (g,_), will
not be the correct one unless the condition (g,_), = 0 is satisfied.

While the exact (arbitrary opacity) solution is a two-sided boundary-value
problem, the thin (transparent opacity) limit solution for a plane piston can be
seen to be an initial-value one. The calculations of 7, g, P are decoupled from that
of g, after the substitution of (17d, ) with ¢; = 0 into (17a), and the boundary
conditions (20a, b, ¢) provide sufficient initial values at the shock. The radiation
flux can be determined independently as

_ _ 1 Q 3—0)@_ A Q 3——a)d—77
o) ==[ o (3) 2 [ e ()T (22)
where 7.01) = % 26[(p(0)* (B PP A8 19100, (23)

Clearly g,(A) can be evaluated once p(A), p(A) are known (hence, A, isknown). The
purpose of carrying out the thin solutions here along with the exact solution is
twofold.: first, to help make a better initial g, _ estimate at the shock for the exact
solution; secondly, to evaluate the accuracy of the thin approximation in
comparison with the exact solution.

The final distributions of the real physical variables are obtained from the
similarity solutions through the relations

-1p 1
LY_P P YE L ppe, (244, b)

ps Y+1A p,  2n+1)2

v_ Yt o O Gy,

— = VA, —=_’—/\3 w, 24C,d

vy 2n+1) %, 4, ( )
which follow from (166)—(16¢) and (20a)—(20d). Values of v,, p,, p, are determined
by (134, b, ¢). ¢,, can be evaluated according to (16¢) once ¢, becomes known
after the flow equations are integrated.

4.2. Numerical integration

The thin solutions were carried out first. The IBM program was tested by re-
producing some of the known results of Kochina & Mel’'nikova (1958). The IBM
program for the exact solutions was tested by requiring that it reproduce the
results of the thin solutions for cases where both are supposed to be valid.

The dimensionless constants, ¢,, ¢,, in (17d, ¢) depend on ¢, 4, «, 8, K, n, o, R,
0. ¢ and A4 are the fundamental dimensional parameters of our problem, repre-
senting separately the effects of the piston velocity and the ambient density.
Constants a, #, K, are determined by fitting (9) to the opacity data of air (Wang
1963) and n and o are determined by (14a, b); o = 5:735 x 10~%erg/cm?sec °K,
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R = 2-882 x 10%erg/g °K. The value of § is not known until the problem is solved,
so the actual steps run as follows: for given values of 4 and ¢/d, one calculates ¢,
and ¢, from (184, b) and proceeds to perform the numerical integrations. When the
integrations are completed, the value of § = A, becomes known, and ¢ is deter-
mined thereafter.

4.3. Results and discussion

Numerical integration has been carried out for various cases, including both
positive and negative values of f, » and @ and different values of ¢, A, @ and .
The radiation effects were discovered to follow pretty much the same pattern.
Presented in this paper is one set of such results for the case of x = 1, § =5,
K, =0-168 x 1077 cm?/g (°K)?, n =—-0:0625, o =%, y=11, 4 = 1-:29x 10-3
and 1-29 x 10~ g/cm3-« and various ¢ cm/sec”*!. Current opacity data indicates
that a = 1 and £ = 5 are valid for temperatures up to 15,000 °K.

In figure 2 (a)-2(d), values of 4¢, rather than ¢ are used, for convenience, as the
varying parameter in labelling the curves. The case of ¢, = ¢, = 0 corresponds to
the non-radiating solution. Deviation from the curve marked ‘non-radiating’
represents the radiation effect.

Figure 2(a) shows that the pressure is practically unchanged by radiation.
Since all curves are so close to each other, only a few are actually plotted. The
maximum change (compared to the non-radiating curve) due to radiation is
about 2 9, of p,. The same is true for the velocity distribution (figure 2(b)); its
maximum change due to radiation is again only 3 9, of v,. The density (hence, the
temperature) and heat flux (figures 2(c) to 2(d) are, however, greatly affected;
the density may be increased by over 1209, of p,.

As ¢ increases, the radiation effects become gradually prominent and the thin
solutions begin to deviate from the exact ones, implying that the gas becomes
optically thicker. If the parameter 4 is increased, the deviation between the thin
solution and the exact solution becomes larger and larger. This simply says that
higher ambient density causes the gas between the shock and the piston to be
more opaque. Meanwhile, the density profile tends to consist of two thin boundary
layers separated by a flat part. Since the pressure is not affected by the radiation,
the temperature profile clearly consists of two thermal boundary layers separated
by an isothermal layer. This agrees with the results of Yoshikawa & Chapman
(1962) and Goulard (1963) despite the fact that their problems are steady ones.
Presumably, the underlying reason responsible for this situation is that the
velocity of the propagation of radiation is much larger than the flow velocity, no
matter whether it is steady or unsteady.

As ¢, increases, the shock distance (distance between the shock and the piston)
isgradually reduced. However, there exists alimiting value of ¢,, or, equivalently,
there exists a minimum shock distance; for ¢, slightly larger than this limiting
value, no solution can be found, and the shock distance jumps from that minimum
value to zero. The minimum shock distance for the present case is A, = 0-964.

Values of the radiant heat flux are of particular interest in the present investi-
gation. Detailed distributions of the net radiation flux, q,/q,, are shown in figure
2(d) where the positive part implies ¢,, < ¢,_, i.e. the net radiant heat flows
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r1-02

- 0-99

Vv,

- 0-98

- 0-97

- 0-96

T T T T 095
092 094 096 098 1-00
A
(b)

Non-radiating - 0-6
e T Y T 0-4 T T T T T T T -10
092 094 096 0.98 1-00 0-93 0-94 0-95 0-96 0-97 0-98 0-99 1-00
A A
(¢) (d)
Fioure 2. « = 1, # = 5, y = 1'1; - --, thin solution; —, exact solution,
A = 1-29 x 10-8g/em®~«; —-—, exact solution, 4 = 1-29 x 10-¢g/cmd-=,

(a) Pressure distribution.
(b) Velocity distribution.
(¢) Density distribution.
(d) Net radiative flux distribution.

toward the shock, the negative part implies ¢,, > g¢,_, i.e. the net radiant heat
flows towards the piston. Somewhere between the shock and piston, ¢,, = g¢,_,
so that the net heat flux is zero. For ¢, = 10'°/4 (corresponding lower piston
velocity and lower temperature behind the shock), ¢,/g,, is positive over most of
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the flow region. As ¢, increases up to 10'4/4 corresponding to higher piston
velocity and higher temperature, ¢,/q,, is negative over almost the entire flow
region. This is because the higher temperature region moves closer to the shock.

The thin solutions always yield equal net heat flux at the piston and at the
shock (figure 2 (d)). This is, of course, what is expected physically. Each particle
emits in both directions the same amount of energy which, in the absence of
absorption, will eventually flow into the piston or pass through the shock. When
the absorption is taken into consideration, the exact solutions show that the heat
flux at the piston is smaller than that at the shock, i.e. ]q,p /8] < 1. Again, this
is because the higher temperature region moves closer to the shock.

In conclusion, we have shown, using the similarity method, that the thermal
radiation practically does not affect the pressure and velocity, but decreases the
temperature and hence increases the density considerably. The shock distance is
reduced until a minimum value is reached. We have also demonstrated how the
thin solutions deviate from the exact solutions and how a complete pattern of the
radiative heat transfer varies.

The author wishes to express his gratitude to Dr S. H. Maslen for his discussions
and encouragement during the course of this work, and to Mr B. Cramer for
programming the numerical integration.
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